A vector matrix game with more than two skew symmetric matrices, which is an extension of the matrix game, is defined and the symmetric dual problem for a nonlinear vector optimization problem is considered. Using the Kakutani fixed point theorem, we prove an existence theorem for a vector matrix game. We establish equivalent relations between the symmetric dual problem and its related vector matrix game. Moreover, we give an example illustrating the equivalent relations.
Introduction
A matrix game is defined by B of a real m × n matrix together with the Cartesian product S n × S m of all n-dimensional probability vectors S n and all m-dimensional probability vectors S m ; that is, S n := {x = (x  , . . . , x n ) T ∈ R n : x i , where c ∈ R n , x ∈ R n , b ∈ R m , y ∈ R m , A = [a ij ] is an m × n real matrix. Now consider the matrix game associated with the following (n + m + ) × (n + m + ) skew symmetric matrix B: In this paper, a vector matrix game with more than two skew symmetric matrices, which is an extension of the matrix game, is defined and a nonlinear vector optimization problem is considered. We formulate a symmetric dual problem for the nonlinear vector optimization problem and establish equivalent relations between the symmetric dual problem and the corresponding vector matrix game. Moreover, we give a numerical example for showing such equivalent relations.
Vector matrix game and existence theorem
Throughout this paper, we will denote the relative interior of S p by o S p , and we will use the following conventions for vectors in the Euclidean space R n for vectors x := (x  , . . . , x n ) and y := (y  , . . . , y n ):
x y if and only if x i y i , i = , . . . , n;
x < y if and only if x i < y i , i = , . . . , n;
x ≤ y if and only if x i y i , and x = y; and x y is the negation of x ≤ y.
Consider the nonlinear programming problem (VOP):
is an n × p matrix, and ∇g(x) is an n × m matrix.
Definition . []
A pointx ∈ X is said to be an efficient solution for (VOP) if there exists no other feasible point
Now, we define solutions for a vector matrix game as follows.
. . , p, be real n × n skew-symmetric matrices. A point x ∈ S n is said to be a vector solution of the vector matrix game
We proved the characterization of a vector solution of the vector matrix game in [] . Remark . Let B i , i = , . . . , p, be an n × n skew symmetric matrix. From Lemma ., we can obtain the following remark saying that the vector matrix game can be solved by fixed point problems;ȳ ∈ S n is a vector solution of the vector matrix game B i , i = , . . . , p, if and
Noticing Remark ., we can obtain an existence theorem for the vector matrix game. 
Then the multifunction F ξ is closed and hence upper semi-continuous, and so it follows from the well-known Kakutani fixed point theorem [] that the multifunction F ξ has a fixed point. So, by Remark ., there exists a vector solution of the vector matrix game B i , i = , . . . , p.
Equivalence relations
Now, we consider the nonlinear symmetric programming problem (SP) together with its dual (SD) as follows:
where
Consider the vector matrix game defined by the following (n + m + ) × (n + m + ) skew symmetric matrix B i (x, y), i = , . . . , p, related to (SP) and (SD):
Now, we give equivalent relations between (SD) and the vector matrix game B i (x, y), i = , . . . , p. Proof Let (x,ȳ,ξ ) be feasible for (SP) and (SD). Then the following holds:
Theorem . Let (x,ȳ,ξ ) be feasible for (SP) and (SD), withȳ
From (.) we have
But z * >  by (.), from (.), (.) and (.), we get
From (.), (.) and (.), we have the following inequality: Thus, we get
Dividing (.), (.) and (.) by z * > , we have
. Using (.) and (.), we obtain 
 and sinceȳ  and
. Thus, (x,ȳ,ξ ) is feasible for (SP) and (SD) with v) ) for any feasible (u, v, ξ ) of (SP) and (SD). Therefore, (x,ȳ) is efficient for (SP) with fixedξ and (x,ȳ) is efficient for (SD) with fixedξ . Now, we give an example illustrating Theorems . and ..
Consider the following vector optimization problem (SP) together with its dual (SD) as follows: 
